ON THE ANNIHILATOR IDEAL OF A HIGHEST WEIGHT 

VECTOR 



HELGE MAAKESTAD 

Abstract. In this paper we study the annihilator ideal ann{v) of the highest 
weight vector v Vx where V\ is an arbitrary finite dimensional irreducible 
SL(i?)-module. We prove there is a decomposition 

Ui{sl(S)) = Ui{n(n)) © anniiv) 

where n(n) C sl(E) is a sub Lie algebra defined in terms of a flag E,{n) in 
E. The decomposition is valid in the case where 1 < / < m(A) where m(A) 
is a function of the highest weight A for Vx- We use this result to study 
the canonical filtration lJi{s)v C Vx determined by the highest weight vector 
V G Vx- We give a natural basis for Ui(g)r) and calculate its dimension. The 
basis we define is semi canonical in the following sense: It depends on a choice 
of a basis for the flag E. (n) in E 
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1. Introduction 

In this paper we study the annihilator ideal ann(v) of the highest weight vector 
V G Vx where Vx is an arbitrary finite dimensional irreducible SL(i?)-module. We 
prove there is a decomposition 

(1.0.1) ViisliE)) = U,(n(n)) anni{v) 

where n(n) C 5l{E) is a sub Lie algebra and U/(s((i?)) is the I'th piece of the 
canonical filtration oiU{sl{E)). The Lie algebra n(n) is determined by a flag E,{n) 
in E defined in terms of the highest weight A for Vx ■ The decomposition 11.0. II is 
valid in the case when 1 < / < m(A) where m(A) is a function of the highest weight 
A of Vx- We use the decomposition [LOTTl to study the canonical filtration \Ji{5l{E))v 
in Vx determined by the highest weight vector v in Vx- We give a natural basis 
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B{l,n,B) for \Ji{sl{E))v and calculate its dimension. The basis we define is semi 
canonical in the following sense: It depends on the choice of basis B for E,{n). 
The canonical filtration 



of an irreducible SL(i<^)-module Vx is a filtration of P-modules where P in SL(i?) is 
the parabolic subgroup stabilizing the highest weight vector v iiiV\. The irreducible 
SL(i?)-module V\ may by the Borel-Weil-Bott formula be constructed geometrically 
as the SL(i<^)-module of global sections of an invertible sheaf on the flag variety 
SLi{E)/P. There is an isomorphism 



of SL(_E)-modules where C{f) is in PicSL(£)(sL(£:)/P). It is weU known the coho- 
mology group II°(SL(i?)/P, jC{1)) has a basis given in terms of standard monomials. 
There is a generalized Pliicker embedding 



and a standard monomial basis for H {SL{E) / P, C{f)) is expressed in terms of 
monomials in homogeneous coordinates on the projective spaces P(A"'£^*). The 
basis B{l,n,B) for Ui{sl{E))v constructed in this paper is defined in terms of the 
Lie algebra n(n) and its Z'th piece U/(n(n)) of the canonical filtration of the en- 
veloping algebra U(n(n)). A basis B for E compatible with the flag E,{n) of 
determined by A gives in a canonical way rise to a basis B[n) for n(ri). The basis 
B{n) gives in a canonical way the basis B{l,n, B) for U/(s[(i?))w. It is an unsolved 
problem to describe the basis B{l,n,B) in terms of the standard monomial basis 
for E°{SL{E)/P,£{1)) induced by the Pliicker embedding. 

The paper is organized as follows: In section two we use the explicit construction 
from the Appendix and general properties of the universal enveloping algebra and 
the annihilator ideal to calculate the decomposition II. 0.11 for the annihilator ideal 
ann(v) of any highest weight vector v in V\ where V\ is an arbitrary flnite dimen- 
sional irreducible s[(i?)-module. This is Theorem l2.20l We also give a natural basis 
B{l,n,B) for the I'th piece of the canonical filtration U/(s((£'))'i; and calculate its 
dimension. This is Corollarv 12.211 

In section three we give an elementary construction of all finite dimensional irre- 
ducible SL(£^)-modules and their highest weight vectors using multilinear algebra 
(see Theorem 13. 2p . This construction is needed in section two for calculational 
purposes. 

2. On the annihilator ideal of a highest weight vector 

In this section we study the annihilator ideal ann{v) of the highest weight vector 
V in an arbitrary finite dimensional irreducible SL(£')-module V\. We use properties 
of ann{v) to study the canonical filtration U;(s[(£'))u C V\ defined by the highest 
weight vector v in V\. We give a natural basis for \Ji{sl{E))v and calculate its 
dimension as function of I. 

Using the explicit construction of V\ and v given in the Appendix we calculate 
the parabolic subgroup P in SL(i?) stabilizing the line L„ spanned by v. We use 
this to calculate a sub Lie algebra n{ri) in sl{E) with the following property: There 



(1.0.2) 



Vi{5l{E))v C • ■ • C Vi{5l{E))v C Vx 




(SL(i?)/P,£(Z)) 



i : SL{E)/P P{A"'E*) x • ■ • x P(A"^-£;*) 
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is a decomposition 
(2.0.3) 



where 1 < ^ < m(A). The function m(A) is a function of the highest weight A for 
V\. This result is the main resuh of this section (see Theorem I2.20|) . We use this 
to give a natural basis B{l,n,B) for \Ji{sl{E))v and to calculate dim{\Ji{sl{E))v) 
as a function of / (see Corollarv l2.2ip . The basis B{l,n, B) is semi canonical in the 
following sense: A choice of basis B for E compatible with the flag E, (n) determines 
the basis B{l,n,B). 

Notation: Let K he a fixed algebraically closed field of characteristic zero 
and let E be an n-dimensional iiT-vector space with basis B — {ei,..,e„}. Let 
G = SL{E) and g = sl{E). Let t) be the subalgebra of g of diagonal matrices with 
trace zero. It follows the pair (g, t)) is a split semi simple Lie algebra in the sense 
of [3]. Let the roots R{g, f)) of g with respect to t) be denoted R. Let i? be a basis 
for R and let and i?_ be the negative and positive roots corresponding to B. 
This choice determines by a decomposition 

g = n_ © f) ® n+ 

of g called the triangular decomposition defined by B. 

It follows n_ is the sub algebra of g of strictly lower triangular matrices and 
n+ the sub algebra of strictly upper triangular matrices of g. Let f)* be defined as 
follows: If a; G f) is the following element: 





let Li{x) = Oi. It follows 



r =K{Li 



••• 







a2 ■■■ 








a 


n-l 





••• 





an/ 


■.,L.n}/Li- 


^ — 





Definition 2.1. Let uji = Li 

weights for g. 



Li for 1 <i<n — Ibe the fundamental 



Let V\ be an irreducible finite dimensional g-module with highest weight vector 
V and highest weight A. It follows from the Appendix A is as follows: 



A — y ^ h^Tii 



i=l 

where li>l and 

l<ni<---<nfc<n — 1 
are integers. Recall from the Appendix, Theorem l3.2l we get an explicit description 
of Fa: 

Vx=\J{q)v C W{l,n) 

where 

V = vJ--l ®---®w^^ e W(l_, n) 

is the highest weight vector and U(g) is the universal enveloping algebra of g. Let 
Lv be the line spanned by v and let P in G be the subgroup fixing Ly. 
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Recall from the Appendix. I3.0.3l tlie following: Let the vector space Ei have basis 
Bi = {ei, .., em} for 1 < z < fc. We get a flag 

E,{n):O^EiC---CEkC Ek+i = E 

of type ninE. 

Let P{n) in SL(_E) be the subgroup fixing the flag E,{n). 

Lemma 2.2. There is an equality P ~ P{n) of subgroups o/SL(£'). 
Proof. The proof is an exercise. □ 
Let p(n) = Lie{P(n)). Since Ly is P(n)-stable we get a character 

Pv ■Pin) ^ End(i„) = K. 
The Lie algebra p(n) looks as follows: An element x e p{n) is on the following form: 





(A, 


* * 













X = 





••• • 






U 





'■■ Ak+ij 



where Ai is a rfi x rfi-matrix with coefficients in K , and tr{x) — 0. 



It follows there is a 



Let E* have basis e*, .., e* and let E* have basis ej, .., e*^ 
canonical isomorphism 

E(E)E* ^ EndK{E) 

defined by 

{v^f)ie)^fie)v. 
This isomorphism induce injections 

E, (g) E* End{E) = E®E* 
since any element (8) e,* ^ Ei® E* is an element in E ®E* . Define the following: 



B' = {e. 



) e* : < i < ni,ni < j < n} 



for 1<1 <k. Let 

(2.2.1) = 

Let n(n) C sl{E) be the subspace spanned by the vectors in B{n). 

Lemma 2.3. The vector space n{n) does not depend on the choice of basis B for 
E compatible with the flag E, (n) . 

Proof. Assume we have chosen a basis C = {/i, .., /„} for E with d = {/i, .., /„; } = 
Ei. Assume [7]^ is a basechange from B to C compatible with the flag E,{n). It 
follows [I]q looks as follows: 



M^[I]i 








h 




yo 



\ 



where |M| ^ and li is a di x di-matrix with coefficients in K . The base change 
matrix from the dual basis B* = {e\, .., e* } to C* = {/i , •■, /j^} is the transpose of 
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M. It follows the vectors /*^^;^, .., /*^ are included in the vector space spanned by 
the vectors 

Let C' be the vectors fi ® f* with n/_i < i < ni and ni < j < n. It follows the 
vector fi ® f* is included in the space spanned by the vectors ® e* with 1 < i < ni 
and n/ + 1 < J < n. It follows the vectors in C' lie in the vector space spanned by 
the set 

{B\..,B'}. 

It follows the vector space spanned by the set {C^, .., C*^} equals the space spanned 
by the set {B^, ..,5''}. A similar argument proves the space spanned by the set 
equals the space spanned by the set {C^ , ..,C''} and the Lemma is 
proved since n(n) is by definition the vector space spanned by the set {B^, ..,B^}. 

□ 

The following holds: 

Lemma 2.4. The subspace n{n) C sl{E) is a Lie algebra. Any choice of basis B 
for E compatible with the flag E,{n) determines by the construction in \2.2.1\ a basis 
B{n) for n{n). 

Proof. One checks n{n) is the elements a; in g on the following form: 

/Ai ••• \ 

_ * As ••• 

* * ■ ■ ■ Ak 

\ * * • ■ ■ * Ak+i) 

where Ai is a di x di-matrix with zero entries. It follows n is closed under the Lie 
bracket. The second claim of the Lemma follows from the construction above and 
the Lemma is proved. □ 

It follows we get a direct sum decomposition 
(2.4.1) s[(£:) = n(n)©p(ri) 

which only depends on the choice of flag E, (n) in E of type n. The direct sum Lie 
algebra n(n) © p{n) is not isomorphic to 5l{E) as a Lie algebra. 

Definition 2.5. Let the Lie algebra n(n) be the complementary Lie algebra of the 
flag E,{n). Let the Lie algebra p{n) be the stabilizer Lie algebra of E,{n). 

Since the Lie algebra n(n) by Lemma [2.31 only depends on the flag E,{n) in E 
it follows Definition 12.51 is well defined. 
Recall the character 

Pv - Pin) ^ End{Ly). 

We get by Proposition 13. II 

k 

p^{x) = li{tr{Ai) + • • • + tr{A,)). 

Let p„ = Ker{py) C p{n). There is an equality 

py^{x (E p{n) : x{v) = 0}. 
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The Lie algebra pi, is the isotropy Lie algebra of the hne L„. We get an exact 
sequence of Lie algebras 

^ pi, p(n) End(i„) ^ 0. 

Since d?m(End(Ly)) = 1 it follows there is an element x G p{n) with x{v) — av, 
^ a G K with the following property: There is a direct sum decomposition 
p(n) = pv® Lx where Lx is the line spanned by x. We may choose a basis for p(n) 
on the form 

{x,yi,..,yE} 

with PviVi) = ioT 1 <i < E. 
Pick a basis {xi, ..,xd} for n(n). 

Proposition 2.6. The natural map 

f : U(n(n)) U(p(n)) ^ U(0) 

defined by 

f{x ®y)=xy 
is an isomorphism of vector spaces. 

Proof. For a proof see [3j, Proposition 2.2.9. □ 
Definition 2.7. Define the following for alH > 1: 

U;(n(n),p(li)) = U.(n(n)) ®k Uj(p(n)) C U(n(n)) ®x U(p(n)). 

Lemma 2.8. T/ie isomorphism f : U(n(n)) (8)_ff U(p(n)) = U(0) induce an isomor- 
phism 

/:U,(n(n),p(n))-UK0) 

o/ vector spaces. 

Proof Let a;(g)y G Ui(n(n))(g)Uj (p(n)) with i+j = I. It follows f{x®y) ^ xy e U;(g) 
hence /(Ui(n(n), p(n)) C U;(g). Assume 

Let i — '^Vn and j = X) "m+'i'- It follows i+j' = / hence the element z = x"^ • • • x^jf 
is in Ui(n(n)) and y = x'^y"^ • • • is in Uj(p(n)). It follows z®y e U/(n(n),p(n)) 
and /(z ^ y) = zy G U/(g) and the Lemma is proved. □ 

Let Ip e V{p{n)) be the multiplicative identity. 

Definition 2.9. Let Z > 1 be an integer. Define the following: 

U;(n(n)) ® Ip = {x® Ip : X G U;(n(n))}. 

Wi = {x®w{y-py{y)lp) : x G V,{n{n)),y G p{n),w{y-py{y)lp) G \Jjip{n)),i+j = I}. 

Lemma 2.10. The natural map 

(t> : U/(n(n)) ®lp®Wi-^ U/(n(2i), p(n)) 

defined by 

(l){x,y) ^x + y 
is an isomorphism of vector spaces. 
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Proof. We first prove Ui(n(n)) ^ Ip CiWi = {0} as subspaces of U;(n(n), p(n)) for 
all I > 1: Let 

w = a; (g) w{y - p^(y)lp) e Wi. 
One of the following holds: 

(2.10.1) oj = x(E)wyi 
with Hi G pv 

(2.10.2) oj = X ^ w{x - a{x)lp) 
with a{x) ^ 0. 

(2.10.3) w = 0. 

If w e Ui(n(n)) Ip it follows w = and the claim follows. Assmue (l){x,y) = 
X + y = 0. It follows y = —x € Wi hence —x = = x = y. Hence (p is an injective 
map. We next prove </> is surjective: Write 

/ 

U;(n(n),p(n)) = U;(n(n)) O Ip + ^Ui_i(n(n)) Ui(p(n)). 

IfxOlp G Ui(n(n))(8)lp it follows (a:(8)lp,0) G \Ji{n{ri)) (S)lp® Wi and 0(x®lp,O) = 
a; (g) Ip. Assume 

w G U;-i(n(ri)) (8)Ui(p(n)) -U;_(i_i)(n(n)) (8)Ui-i(p(n)). 

It follows 

with 

and 

Let A; be minimal with Ufc > 1. It follows 

w = a:^'^ • • • (g) x^j/J"^ • • ■ y^"--- = 

■ • ■ ® ' • ' vT'^iVk - Pv{yk)h) G Wi. 

It follows 

^{0,u)) = u). 

Assume 

aith q > I. We may write 

x'' = a{xyip + y{x - Q:(a;)lp) 

for some y. It follows 

u = xl"^ ■ ■ ■ x'"j^ <Si x''a{xy (g) Ip + • • • (g x« (g y(a; - a(a;)lp). 

We get 

(l>{xl^ • • ■ a;^° a;«a(a;)« Ip, aJi^ • ■ • a;^" a;« y(a; - Q;(a;)lp)) = to. 
It follows (f) is surjective, and the Lemma is proved. □ 
Let Ig G U{q) be the multiplicative identity. 
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Definition 2.11. Let 

char{py) = {x{y - Pv{y)lg) : x e U(0), y G p{n)} C U(fl) 

be the character ideal associated to the highest weight vector v E V\. Let chari^p^) = 
char{pv) n Vi{g) be its canonical fihration. 

Since the left ideal char{py) C U(g) depends on the line C V\ which is 
canonical, it follows char(py) is well defined. 

The embedding of Lie algebras n(n) C g induce a canonical embedding of associa- 
tive rings U(n(2i)) C U(0) and canonical embeddings of filtrations U/(n(n)) C U/(0) 
for alH > 1. We have inclusions 

U,(n(n)) Ip, W^/ C U,(n(n),p(n)) 

of vector spaces for all Z > 1. 

Lemma 2.12. The map f : U(n(n)) (^k U(p(ri)) —> U(0) induce isomorphisms 

(2.12.1) /:U,(n(n))(^lp ^Uz(n(n)) 

(2.12.2) f -.Wi^chanip). 
of vector spaces. 

Proof. We prove I2.12TT] It is clear /(U;(n(n)) (g) Ip) C Ui(n(n)). Assume x G 
U;(n(n)) it follows a; (g) Ip G U;(n(n)) ^ Ip and f{x O Ip) = x hence claim [02. II is 
true. We prove [2?12. 21 It is clear f{Wi) C chari{py). Assume 

w G chari{py) = char{py) n U/(0) 
is a monomial. It follows 

u = • • • x^-x«2/r • • • (y - p.(y)ip) 

with y G p(?l). Let '}2,Vn — i and ^ u„j + (7 + 1 = j. It follows i + j < 1- We get 

= ■ • • ® x'y^ • ■ • ^^(y - P.(2;)lp) e M^z 
and 7(77) = cj. Hence claim [2~1 2.21 follows and the Lemma is proved. □ 
There is for alH > 1 a map 

: U;(n(n)) © chari{py) -> U;(g) 

of vector spaces defined by 

(pi{x,y) =x + y. 

The following holds: 

Theorem 2.13. The map (j)i defines for all I > 1 an isomorphism 
(j)i : U;(n(n)) ® chari{py) ^ U;(fl) 

of vector spaces. 

Proof. The Theorem follows from Lemma 12.101 and Lemma 12.121 □ 

Note: Theorem 12. 131 is valid over an arbitrary field. 
Definition 2.14. Let 

arm{v)) = {x E U(g) : x{v) = 0} 

be the annihilator ideal of u G Vx. Let anni{v) = ann{v) nU/(0) be its canonical 
filtration. 
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The annihilator ideal ann{v) is uniquely determined by the line Ly C Vx which 
is canonical, hence ann{v) is well defined. There is an inclusion of left ideals 

char{py) C ann{v) 

and an inclusion 

chari{py) C anni{v) 

of filtrations for all / > 1. 

Note: Assume K is algebraically closed. By [31 Section 7, remark 7.8.25 it follows 
every primitive ideal / of U(0) is on the form ann{v) for some highest weight vector 
w in a finite dimensional irreducible G- module V\. 

There is an exact sequence 

ann{v) ®k Lv ^ V{q) ®k i„ ^ Vx 

of G-modules and an exact sequence 

-> anni{v) ®k Lv Vi{q) ®k U;(g)u 

of P-modules. Here U;(g)u in Vx is the P- module spanned by U;(g) and v. 

Definition 2.15. Let {U((g)u};>i be the canonical filtration of V\. 

Since the terms U;(g)w are uniquely determined by the line L„ which is a canon- 
ical line in V\ it follows we get a canonical filtration 

Ui(fl)wC...cuK0)t;C Va 

of V\ by P-modules. 

Example 2.16. Representations of semi simple algebraic groups. 

Let G be a semi simple linear algebraic group over K and let V\ be a finite 
dimensional irreducible G- module with highest weight vector v &Vx. Let C G 
be the parabolic subgroup fixing the line Ly spanned by v. Let q = Lie{G) and 
pv — Lie{Pv). We get a canonical filtration 

(2.16.1) Ui(0)i;C...CU,(0)«C Va 

of Va by Pu-modules. Hence Definition 12.151 makes sense for any finite dimensional 
irreducible representation Va of any semi simple linear algebraic group G. 

Example 2.17. On generators for the annihilator ideal ann{v). 

Given an irreducible finite dimensional SL(_E)-module Va with highest weight 
vector V and highest weight A £ f)* it follows by the results of |3j section 7, generators 
of the annihilator ideal ann{v) are completely described. A set of generators for 
the ideal ann{v) C U(g) is given as a function of the highest weight A. In the 
following we use the notation from 3 , Chapter 7. Recall we have chosen a triangular 
decomposition g = n_ © f) © n+ of g. Let R be the root system for g and let B be 
a basis for R. We let B be as follows: 

B = {Li — L2,L2 — L3, Ln-l — Ln}. 

Let i?_ be the negative roots and let i?+ be the positive roots. Let P++ be the fun- 
damental weights. Let S = ^ = J2a<£R+ = T,aeR+ ^^^^ = J2aeR- S"- 
Let b+ — t) + n+ and fa_ = f) + n_. 
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Let Vx be the irreducible finite dimensional g-module with highest weight 

k 

i=l 

where 

\ < rii < n2 < ■ ■ ■ < < n — ri}- 

and ^i,..,^fe > 1. It follows by the results of [5], Chapter 7 V\ is isomorphic to 
L{\+5) - a quotient of the Verma module M{X + S) associated to X+d by a maximal 
sub-G-module. By [3l, Theorem 7.2.6 this sets up a one to one correspondence 
between the set F++ and the set of finite dimensional irreducible g-modules. 

In '3|, Proposition 7.2.7 the annihilator ideal ann{v) is calculated. Let (3i = 
- L,+i for 1 < i < n - 1. It follows g'^' = K{E,^i+i) and g"'^' = if (i;^^!,^). It 
follows 

{-^ii ; -^j J ] — ^ii -^jj • 

Let X^p. — Ei+i^i. Let ^ Hp. e [fl^Sfl '^']- It follows we may choose Hp. — 
Ei^i — -Ei+i^i-i-i. Let 

mft =\{Hp^) + l. 
Lemma 2.18. The following holds: 

(2.18.1) mp^=lj + lifi = nj 

(2.18.2) mp^=lifi^ Uj. 

Proof. By definition Hp^ = Ei^i — Sj+i i+i. Also 

W„j. = Li + ■ ■ ■ + Lnj ■ 

Assume i = rij. It follows 

X{Hp,) + l = 

{hujm H \- lj(^nj H h lk^nk){Ei,i)- 

{huJn^ H h /jW„^. H h ?fcW„J(£'i+i,i+i) + 1 = 

+ • ■ • + /fc - lj+1 h + l^lj+l 

and claim \n 8.11 follows . Claim [^18. 2l is proved in a similar fashion and the Lemma 
is proved. □ 

The following Lemma gives a description of the Vth piece anni{v) in many cases: 
Let rn(A) — min^Lj^jZi}. 

Lemma 2.19. For all 1 < I < m(A) there is an equality 

anni{v) = chari{py). 
Proof. Let I{v) C U(0) be the left ideal defined as follows: 
I{v) = U(0)n+ + ^ U(0)(x - A(x)lg). 

By [3] J Proposition 7.2.7 it follows there is an equality 

ann{v) = /(«) + ^ U(n_)X"|. 
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Let P{v) = I{v)nVi{g). Let 

j'(«) = (^U(n_)X™;)nU,(0). 

/3GB 

It follows 

i^rij i—rij 



lil<l < m{\) it follows 



We get 

anni{v) = l\v) + j\v). 

By definition we have 

chari{py) C anni{v) 
for alH > 1. There is an inclusion 

/'(w) C chari{pv) 
for all Z > 1. When 1 < I < m{X) there is an inclusion 

j\v) C chari{py). 

It follows 

anni{v) = ^'(^^) + •/'(^^) ^ chari{py) 
and the Lemma follows. □ 

There is for every ^ > 1 a natural map of vector spaces 
-0; : U/(n(n)) © anni{v) \Ji{q) 

defined by 

ipi{x,y) ^x + y. 

Theorem 2.20. For all 1 < I < m{X) the map ipi induce an isomorphism 

Vi{n{n))®anni{v) = \Ji{q) 

of vector spaces. 

Proof. The Theorem follows from Theorem 12.131 and Lemma 12.191 □ 

Theorem 12. 131 is valid over an arbitrary field K. Hence to generalized Theorem 
12.201 to an arbitrary field one has to study the generators of the ideal ann{v) over 
the finite field Fp with p elements where p is any prime. 

Corollary 2.21. Let B he a basis for E compatible with the flag E,[n). Let 

B{n) = {xi,..,xd} 

be the associated basis for n(n) as constructed in \2.2.1\ The following holds for all 
1 < Z < m(A); The set 

(2.21.1) B{l,n,B) = {x\' ■ ■ ■ x^J- {v) : < ^ < 
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is a basis for U/(g)v as vector space. 

'D + l 



(2.21.2) dimkiVi{g)v) 



D 



Proof. From Theorem 12.201 it follows there is an isomorphism 

U;(n(n)) (g) L„ ^ Vi{q)v 

of vector spaces. From this and the Poincare-Birkhoff-Witt Theorem claim [2^1.11 
follows. Also 

(iiTO(U/(n(n))) = ( ^ ] ^ dim{\Ji{g)v) 



D 

hence claim [2^1.21 follows. The Corollary is proved. □ 

Example 2.22. The case sl{2,K). 

Let Vx — Sym'(i?) where E is the standard s[(2, ii')-module. It follows V\ is 
finite dimensional and irreducible for alH > 1. If has basis £1,62 it follows Vx 
has highest weight vector v — e[. We get the following calculation: 

annk{v) = chark{p) 

if 1 < A: < Z - 1. 

anrikiv) = K{y\y^+^ , ■ ■ ■ ,y^} ® chark{p) 
a k > I. Here y G sl{2, K) is the following matrix: 

0^ 



y 



1 



There is an isomorphism of vector spaces 

\5{sl{2,K))'^K[y]®char{p) 

where K[y\ = U(n_) and n_ is the abelian Lie algebra generated by the element y 
ins[(2,X). 

Example 2.23. Symmetric powers of the standard Sh{E)-module. 

Let E = if" with basis ei,..,e„ and let Vx — Sym'(i?). It follows the vector 
V = e{ is a highest weight vector for the irreducible SL(i?)-module Vx with highest 
weight A = ILi. It follows from Corollarv l2.21l for all 1 < k < I 

dimK{VkiB)v) = \ 

\ 71 — i 

We get a filtration of Vx by P-modules 

Vi{q)v(Z---(ZVi{q)v<^Vx. 

We get 

/n - 1 + A 
dimK{Vi{Q)v) = ( \ = dimxiVx) 

hence we get an equality 

ViiQ)v = Vx 

of P-modules. 

Example 2.24. The adjoint representation. 
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Let 

ad:sl{E) ^EndK{sl{E)) 

be the adjoint representation where E — K". Since sl{E) is simple it fohows ad 
is an irreducible representation with highest weight A = uji +tj„_i. Hence in the 
notation from this section we get h = In-i = 1 and l2i--,Ui-2 = 0. It follows we 
get a strict inclusion 

\5i{s\{E))v <^5{{E). 
An explicit calculation shows there is an equality 

\52{s\.{E))v =a{{E). 

By Corollarv l2.21l we get a semi canonical basis B{l,n, B) for U;(g)u for any irre- 
ducible g-niodule V\ in the following sense: Any choice of basis B for E compatible 
with the flag Et{n) determines a direct sum decomposition 

^ n{n) ® p{n) 

and a basis B{n) for n{n) by the construction I2.2.T1 This gives by Corollary 12.211 
rise to the basis B{l,n,B) for Ui(g)w. In the case when there is an equality 

ViigiE))v^Vx 

we get a semi canonical basis for the irreducible g-module Vx. 

let V\ be an irreducible g-module with highest weight A — J2'i=i h^Ui and highest 
weight vector v and let 1 < Z < m(A). 

Definition 2.25. Let i? be a basis for E compatible with the flag E,{n). Let the 

corresponding basis B{l,n,B) be the semi canonical basis for \Ji{q)v with respect 
to B. 

Example 2.26. Standard monomial theory. 

The irreducible g-module V\ may by the Borel-Weil-Bott formula be constructed 
geometrically as the global sections of some invertible sheaf on a flag scheme: 

-H°(F, £(!)). 

There exist a natural basis for the cohomology group R°{¥,£{1)) in terms of stan- 
dard monomials. This basis comes from the Pliicker embedding 

i:¥ ^ F{A''^E*) X ■ • • X PiA'^-E*) 

of the flag scheme. The basis B{l,n,B) given in 12.251 is defined in terms of the 
enveloping algebra U(n(n)) but is related to the basis given by standard monomials 
via the inclusion 

\Ji{q)vCR°{¥,C{1)) 

of vector spaces. It is an unsolved problem to express the basis B{l,n, B) in terms 
of the standard monomial basis for Il'^(F, £(/)). There is work in progress on this 
problem (see [9]). 

The basis consisting of standard monomials is expressed in terms of monomials 
in homogeneous coordinates on the projective spaces V{A^'E*). As seen in the 
construction above the basis B{l,n,B) is simple to describe since it is expressed in 
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terms of the enveloping algebra U(n(n)), its canonical filtration U;(n(n)) and the 
basis B(ri) coming from the flag C E determined by the highest weight 

fc 

A — ^ ^ h^rii ■ 

It would be interesting to express B(l,n, B) in terms of standard monomials and 
to study problems on the flag scheme in terms of the basis B{l,n, B) for U;(g)u and 
the basis B{n) for the Lie algebra n(n). Much work has been done on standard 
monomials and relations to the geometry of flag schemes. See [2] for a geometric 
approach to standard monomial theory. 

Example 2.27. Suhquotients of generalized Verma modules. 

The G-module U(g) ®k L„ is the generalized Verma module associated to the 
P-submodule Ly C V\. It has a canonical filtration 

by P-modules. 

In general one may for any finite dimensional G-module V and any sub P-module 
W CV where P C G is any parabolic subgroup consider the associated generalized 
Verma module 

U(0) ®K W. 

It has a canonical filtration of P-modules given by 

Let ann{W) = {x £ U(0) : x{w) = for all w G W}. It follows there is an exact 
sequence 

^ ann{W) (g)^ -> U(0) ^kW -^V ^0 

of G-modules, and exact sequences 

^ anni{W) ®k -> U/(0) (^kW ^ Vi{9)W 

of P-modules for alH > 1. Here \Ji{q)W C is the P-module spanned by U;(g) 
and W. 

The subquotient \Ji{g)W is in ^11, interpreted in terms of geometric objects on 
the flag variety G/P. Let mod '^(0i^ /p) be the category of finite rank locally free 
Og I p-modules with a G-linearization and mod(P) the category of finite dimensional 
P-modules. There is an equivalence of categories 

ffiod'^ (Og/p) = mod(P) 
and in Corollary 3.11 we prove the existence of an isomorphism 

(2.27.1) \]i{<^)W ^V\E){x)* 

of P-modules where ) is the Z'th jet bundle of a G-linearized locally free sheaf 
E on G/P. In general one wants to solve the following problems: 

(2.27.2) Give a natural basis for U;(0)PF generalizing 12 . 2 1 . 1] 

(2.27.3) Calculate dim(Ui(0)W^) as function of / generalizing 12 .2 1 . 2l 

(2.27.4) Interpret U;(g)VF in terms of G/P generalizing 12.27.11 
There is work in progress on problem 12.27.21 [2.27.31 and 12.27.41 (see [13]). 
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Example 2.28. Canonical bases for semi simple algebraic groups. 

Let G be a semi simple linear algebraic group and Vx a finite dimensional irre- 
ducible G- module with highest weight vector w G Va and highest weight A. We seek 
a solution to the following problem: 

(2.28.1) Calculate for all integers Z > 1 a decomposition 

U/(0) = Wi(Banni{v) 
and construct a basis xi, .., xc(i) for Wi generalizing the construction in Corollary 
12.211 We get an exact sequence of P-modules 

(2.28.2) anni{v) ®k Ly \Ji{q) ®k Ly \Ji{q)v 
for alH > 1. The exact sequence 12.28.21 gives rise to an isomorphism 

Wi(g)Ly= \Jiig)v 

of vector spaces. Hence a solution of problem 12.28. II would give an equality 

dimi\Ji{Q)v) = C{1). 

It would also show the set 

B = {xi{v), ..,xc{i){v)} 

is a basis for \Ji{g)v for alH > 1 giving a solution to problem 12.28.11 for any finite 
dimensional irreducible module on any semi simple linear algebraic group. There 
is by [3] a complete description of generators of the annihilator ideal ann{v) as 
a function of the weight A. Hence the calculation of the decomposition U/(g) = 
Wi © anni{v) can be done using this set of generators. There is work in progress 
on this problem (see [13]). 

A complete solution of problem |2 . 28 . 1 1 would give the following: It would give a 
calculation of a complement 

U(fl) = Wa ffi ann{v) 

of the annihilator ideal ann{v) of the highest weight vector v (iVx and a basis B 
for W\. Such a basis would give rise to a basis for V\ in terms of the enveloping 
algebra U(g): There is an exact sequence of G-modules 

ann(v) ®k Ly U(g) ®k Ly ^ Vx ^ 

inducing an isomorphism 

Wx ®K Ly ^ Vx 

of vector spaces. Any basis B — {zi, .., zp} for Wx will give rise to a basis B{X) — 
{zi{v), ..,zf{v)} for Vx- 

Much work has been devoted to the construction of canonical bases in finite 
dimensional irreducible G-modules Vx- In [7] the author constructs a "universal" 
canonical basis _B in a quantized enveloping algebra U associated to a root system. 
He shows the basis B specialize to a basis for Vx for all highest weights A. It would 
be interesting to compare Lusztig's basis to the semi canonical basis B{l,n,B) in 
the case when G — SL(_E) and there is an equality 

\JiiB)v = Vx 

of vector spaces. 

One could speculate about the existence of a "universal" filtration in U equipped 
with a "universal" canonical basis specializing to the canonical filtration \Ji{g)v C 
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V\ and a canonical basis B{l,n,B) for U;(g)w for some basis B for E compatible 
with E,{n), I > 1 and any highest weight A (see |13)). 

3. Appendix: Irreducible finite dimensional SL(i?)-MODULES 

In this section we give an elementary construction of all irreducible finite dimen- 
sional SL(i?)-modules using multilinear algebra. The classification of all irreducible 
finite dimensional SL(_E)-modules is well known. We include an explicit construc- 
tion for the following reason: It is needed in the previous section for calculational 
purposes. 

Assume we are given a finite dimensional irreducible SL(_E)-module Vx with 
highest weight vector v and highest weight A. We may by the general theory from 
[3] assume A satisfy the following: We may choose integers 

l<ni<n2<---<nfc<n — 1 

and integers li,..,lk > 1 such that 

k 
i=l 

Let / = {/i, .., Ik}. Let di — rii, di — ni — rii^x for \ < i <k and dfe+i ~ n — Uk- 
Let rik+i — n. It follows X]i=i ~ Let d — {di, d2, .., dk+i}. It follows d is a 
partition of n. Let 

(3.0.3) E, = K{ei,..,en,} 

for 1 < i < k + I and let n = .., nfc}. Let Bi — {ei, .., e„.}. It follows we get a 
flag 

(3.0.4) E.{n):0^EiCE2C---(ZEkC Ek+i - E 

of subspaces of E of type n. The basis B is compatible with the fiag E,{n). Let 
W{ln) be the following G-module: Let = A"'£; for 1 < i < k. Let 

W{ln) = Sym'i(iyi) ®---® Sym'^W^fc)- 

The module W{l^n) is not irreducible in general. Let Wi = ^^^{Ei) C Wi. Since 
dim{Ei) — Tii it follows Wi is a line. Let 

V ^ w^-l ® ■ ■ ■ ® vJ"^ . 

It follows V £ W{l,n) is a line. Let P(n) C G be the subgroup fixing the flag E,{n). 
It follows 

g{E,) c E, 

for all (? G P{n){K). Let p(n) = Lie{P{n)). It follows an element a; G p(n) is on 
the following form: 





Ml 











A2 * ■ 




X = 





••• • 


* 




u 





■■ Ak+ij 



where Ai is a di x di-matrix with coefficients in if, and tr{x) — 0. 
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Proposition 3.1. The following holds: 

k 

1=1 

Proof. The proof is left to the reader as an exercise. □ 

Let A = X)i=i h^^m e [)*• It fohows for all x e I) 

x{v) = X{x)v 

hence the vector v has weight A. 

Let V\ C W{l,n) be the sub g-module spanned by the vector v. 

Theorem 3.2. The g-module Vx is finite dimensional and irreducible. The vector 
V is a highest weight vector for Vx with highest weight A. 

Proof. The proof follows from Proposition 13.11 and [3], section 7. □ 

By the general theory any finite dimensional g-module is a direct sum of irre- 
ducible g-modules, hence Theorem 13.21 gives an explicit construction of all finite 
dimensional g-modules in terms of symmetric and exterior products of the stan- 
dard module E and flags in E. By the general theory it follows we have given an 
explicit construction of all finite dimensional SL(i<^)-modules. 

Acknowledgements: Thanks to Michel Brion, Alexei Roudakov and David 
Vogan for discussions and comments on the problem discussed in this paper. 
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